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Abstract

Computational analyses of the growing corpus of three-dimensional (3D) structures of pro-
teins have revealed a limited set of recurrent substructural themes, termed super-secondary
structures. Knowledge of super-secondary structures is important for the study of pro-
tein evolution and for the modeling of proteins with unknown structures. Characterizing
a comprehensive dictionary of these super-secondary structures has been an unanswered
computational challenge in protein structural studies. This paper presents an unsupervised
method for learning such a comprehensive dictionary using the statistical framework of loss-
less compression on a database comprised of concise geometric representations of protein 3D
folding patterns. The best dictionary is defined as the one that yields the most compression
of the database. Here we describe the inference methodology and the statistical models used
to estimate the encoding lengths. An interactive website for this dictionary is available at
http://lcb.infotech.monash.edu.au/proteinConcepts/scop100/dictionary.html.

1 Introduction

Proteins are functional biomolecules synthesised in the cells of living organisms and
involved in almost all known fundamental processes of life [1]. Each protein consists
of one or more unbranched chain(s), each comprised of a sequence of amino acids that,
upon synthesis, spatially folds into a native three-dimensional (3D) structure. It is
this 3D structure that determines the protein’s function [2] and, thus, understanding
the principles underlying protein structure is critically important for protein studies.

Over the past seventy years, steady advances in experimental methods to resolve
protein structures to atomic resolution have resulted in a rich data stream collected
into a publicly accessible worldwide Protein Data Bank (wwPDB) [3]. This database
stores the 3D atomic coordinates of over 115,000 protein structures, and has enabled
researchers to study the complex spatial organization of proteins and provide novel
insights into the principles underpinning their architecture, function and evolution [2].

Nearly all protein structures contain recurrent (sub)structural patterns. The most
basic of these are helices and extended strands of pleated sheets, termed the standard
secondary structural elements of protein 3D structure [4]. See Fig. 1 for an example.
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Figure 1: Left: Experimentally determined 3D structure of oxidised flavodoxin protein from the
organism Clostridium beijerinckii (wwPDB ID:5nll). Middle: Assignment of helices (cylinders) and
strands of sheet (arrows) to contiguous regions along the protein chain. Right: The folding pattern
of 5nll shown as the assembly of the assigned secondary structural elements.

.

The structureless sequence of a newly synthesised protein first locally folds into
such secondary structures, which in turn assemble into more complex 3D shapes.
Within the context of understanding proteins’ architectural principles, the 3D shape
or fold of a given protein can be compactly described by a tableau containing [5, 6]: (1)
The sequence (or order) of standard secondary structural elements along the protein
chain, (2) the interaction (or contact) between these elements in 3D space, and (3)
the relative orientation (or geometry) of each pair of elements. See Fig. 2.

Studies of protein folding patterns have identified super-secondary structures, com-
pact folding themes that recur, even across in unrelated proteins [7]. These comprise
two or more interacting secondary structural elements that appear in succession in the
protein chain, with a specific geometric arrangement [8]. Characterizing these super-
secondary structural themes and their combinations is central to the classification of
known protein structures and to the recognition of their evolutionary relationships.
For instance, the most-widely used manually-curated database on structural classifi-
cation (SCOP [9]) uses the geometry of super-secondary structures as a basis for its
classification [10]. Furthermore, knowledge of super-secondary structures has been
shown to be an effective starting point for modeling proteins with known sequence
but unknown structural information [1, 11, 12].

Despite their importance, only a restricted set of super-secondary structures has
been identified thus far. Further, the main identification method relies predom-
inantly on visual inspection by human experts [11, 13]. Although some theoreti-
cal models have been proposed to systematically enumerate all physically-realizable
super-secondary structural themes, a systematic enumeration is computationally pro-
hibitive [14]. As a result, the problem of identifying a comprehensive dictionary of
super-secondary structures has been an open computational problem [15].

This paper presents an unsupervised method, based on statistical inductive in-
ference [16, 17] and lossless data compression, to learn a comprehensive dictionary of
super-secondary structures. The inference is made on a source collection of tableaux
representing the protein folding patterns of a non-redundant corpus of known protein
3D structures from SCOP [9]. The method automatically learns a static dictionary

342341



of contiguous sub-tableaux that best compresses the source collection, exploiting the
statistical redundancy in those source data. We shall call these sub-tableaux concepts.
Thus, each concept inferred in the dictionary provides a geometric definition of the
corresponding super-secondary structural theme.

The following methodological elements support this work: Section 2.2 describes
the main statistical framework for inference. The details of the compression scheme
and the probabilistic models employed to estimate the lengths of encoding of various
terms supporting this work appear in Sections 2.3-2.5. Section 2.6 describes the
heuristic search used to identify a static dictionary over all tableaux in the source
collection. Section 3 explores some quantitative aspects of our experimental results,
which include a rich super-secondary structural dictionary containing 4,487 concepts.

2 The Algorithm

2.1 Terminology and notations

Tableau representation and the source collection of tableaux: As mentioned
before, the essence of any protein folding pattern can be captured by the order, rela-
tive orientations and interactions among its secondary structural elements [5, 6]. This
has led to the concise two-dimensional tableau [6] representation of protein folding
patterns (Fig. 2) that encapsulates: (1) the order in which helices and strands-of-
sheet appear in the protein chain, represented by a string, S, of length |S| over the
{H(for helix),E(for strand)} alphabet; (2) the geometry of each pair of secondary
structural elements, represented by a square-symmetric matrix of angles, Ω, of order
|S| × |S|, where angles are in the range (−180◦, 180◦]; (3) the corresponding interac-
tions between pairs of secondary structural elements, represented by a contact matrix,
Ξ, of 0/1 values and order |S|× |S|, where 1 represents contact and 0 otherwise. For-
mally, any tableau τ is a three-tuple of the form (S,Ω,Ξ) . A source collection is a
collection of (source) tableaux, denoted by the set T =

{
τ1, τ2, . . . , τ|T |

}
.

Sub-tableaux and the dictionary of concepts: In this work, a super-secondary
structure takes the form of a contiguous sub-tableau, referred to as concept. A con-
cept, denoted by c, can be instantiated by selecting a source tableau τ� ∈ T and spec-
ifying a continuous range of indices [i, i + 1, . . . , j − 1, j], such that 1 ≤ i < j ≤ |τ�|,
and each secondary structural element in this range has at least one contact with
other elements in it (see shaded cells in Fig. 2). Formally, any concept c ∈ τ

[i...j]
�

defines a three-tuple
(
S
[i...j]
τ� ,Ω

[i...j]
τ� ,Ξ

[i...j]
τ�

)
⊆

(
S
[1...|τ�|]
τ� ,Ω

[1...|τ�|]
τ� ,Ξ

[1...|τ�|]
τ�

)
. We define a

dictionary as a set of concepts, denoted by the set C = {c1, c2, . . . , c|C|}. A dictionary
can contain an arbitrary number of concepts (|C|), with each concept cy ∈ C contain-
ing an arbitrary number of secondary structural elements (|cy| ≥ 2). Any dictionary
is a potential candidate to compress the source collection of tableaux, T .

Associated with each concept cy ∈ C is a concentration parameter, κy, correspond-
ing to a von Mises circular (angular) probability distribution [18]. This parameter
controls the assignment of probabilities used to estimate the encoding length of en-
tries in Ω when compressing regions of the source tableaux. That is, κy controls the
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flexibility of an inferred concept. A smaller/larger κy yields greater/lesser flexibility
of the concept’s usages for compressing source tableaux regions. In this work, all
{κy}∀1≤y≤|C| lie in the range [κmin = 10, κmax = 100], with their precise value inferred
(to a precision of εκ = 0.5) as a part of the dictionary search (see Section 2.6).

1E 174.0◦ −18.9◦ −136.9◦ −21.9◦ −139.3◦ −31.6◦ 127.9◦ −94.7◦ −44.2◦ 135.2◦
174.0◦ 2H −166.5◦ 39.6◦ 152.3◦ 45.6◦ 142.6◦ −57.9◦ 79.5◦ 130.9◦ −50.4◦
−18.9◦ −166.5◦ 3E −151.9◦ −38.5◦ 127.4◦ −48.0◦ 112.0◦ −109.8◦ −56.0◦ 120.3◦
−136.9◦ 39.6◦ −151.9◦ 4H −125.8◦ −57.0◦ 118.7◦ −76.5◦ 70.6◦ 120.8◦ 67.8◦
−21.9◦ 152.3◦ −38.5◦ −125.8◦ 5E −158.7◦ −9.7◦ 149.8◦ −72.8◦ −24.6◦ 157.0◦
−139.3◦ 45.6◦ 127.4◦ −57.0◦ −158.7◦ 6H −164.1◦ −19.7◦ 122.5◦ 176.5◦ 11.5◦
−31.6◦ 142.6◦ −48.0◦ 118.7◦ −9.7◦ −164.1◦ 7E 159.5◦ −63.1◦ −18.4◦ 166.2◦
127.9◦ −57.9◦ 112.0◦ −76.5◦ 149.8◦ −19.7◦ 159.5◦ 8H −137.4◦ 161.8◦ −8.8◦
−94.7◦ 79.5◦ −109.8◦ 70.6◦ −72.8◦ 122.5◦ −63.1◦ −137.4◦ 9E 54.3◦ 129.7◦
−44.2◦ 130.9◦ −56.0◦ 120.8◦ −24.6◦ 176.5◦ −18.4◦ 161.8◦ 54.3◦ 10E −169.0◦
135.2◦ −50.4◦ 120.3◦ 67.8◦ 157.0◦ 11.5◦ 166.2◦ −8.8◦ 129.7◦ −169.0◦ 11H

Figure 2: A tableau representation capturing the geometry of the folding pattern of the flavodoxin
protein, 5nll, shown in Fig. 1. Its three-tuple data (S,Ω,Ξ) is coalasced and presented as follows:
the secondary structural string S is shown in the main diagonal as enumerated helices (‘H ’s) and
strands (‘E ’s); the off-diagonal cells display the Ω angles between secondary structural pairs. The
contact information in Ξ is shown via bold (representing value 1) and non-bold (0) angles. The
shaded region shows a candidate sub-tableau, τ [3...5], within the whole tableau, τ [1...11].

2.2 The framework of inference of the best static dictionary on source tableaux

Our goal is to learn the static dictionary C (i.e., hypothesis) that offers the best
compression of the source collection T (i.e, observed data). The general statistical
framework used to achieve this relies on the criterion of minimum message length
(MML) inference [16, 17]. MML inference is best understood as a lossless two-part
communication between an imaginary transmitter-receiver pair. In the first part the
transmitter encodes and communicates the hypothesis to the receiver, while in the
second part it communicates the observed data given the stated hypothesis. The
best hypothesis in this framework is the one that yields the shortest two-part lossless
message to communicate the observed data. Formally, for any static dictionary C and
source collection T , the two-part message length (in bits) is denoted by the terms:

I(C&T ) = I(C)︸︷︷︸
first part

+ I(T |C)︸ ︷︷ ︸
second part

bits, (1)

where I(·) = − log2(Pr(·)) is the Shannon’s measure of information content [19].
The two-part message shown in Eqn. 1 is contrasted with the (single-part) null

model message, that is, the encoding of the observed data as is, without the support
of any hypothesis. The null model message length is denoted as Inull(·). Thus,
the quality of an inferred dictionary C is measured as the compression obtained by
encoding the source collection T using C, i.e., as Inull(T ) − I(C&T ). This yields an
inference problem with the following objective: argmax

C
Inull(T )− I(C&T ).

Addressing this inference problem requires the following: (1) A method to estimate
the null model encoding length, Inull(T ), for any given collection T ; (2) A method to
estimate the dictionary model encoding length, I(C&T ) for any given dictionary C
and collection T ; (3) A search method for an optimal dictionary (one that maximizes
compression, as per the stated objective). These methods are presented below.
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2.3 Estimation of Inull(T ).
The null encoding of the source collection T involves the encoding of the number of
tableaux over an integer code, followed by the null encoding of each tableau τ� ∈ T :

Inull(T ) = Iinteger
(
|T |

)
+

|T |∑
�=1

Inull
(
τ�
)

bits, (2)

where Iinteger(.) is the message length of encoding any positive integer over a log∗ dis-
tribution [20]. Further, the estimation of each Inull

(
τ�
)
term is carried out by encoding

the number of secondary structural elements using the same integer code, followed
by encoding the three-tuples (Sτ� ,Ωτ� ,Ξτ�) using uniform probability distributions on
their respective supports. This implies that each character in the S� string takes one
bit to encode, each contact state in Ξ� also takes one bit, and each angle in Ω�, speci-
fied to a precision of 0.1◦ in the range (−180◦,+180◦], takes log2(360/0.1) = log2 3600
bits. Thus, the null message length for communicating each tableau τ� is given by:

Inull
(
τ�
)
= Iinteger

(
|S�|

)
+ |S�|︸ ︷︷ ︸

Inull(S�)

+
(|S�|

2

)
log2(3600)︸ ︷︷ ︸

Inull(Ω�|S�)

+
(|S�|

2

)
︸︷︷︸

Inull(Ξ�|S�)

bits. (3)

2.4 Estimation of the first part, I(C), term in Eqn. 1

Each concept cy in any given dictionary is a (sub-)tableau. Therefore, cy can be
encoded using the null model as shown in Section 2.3, using Inull(cy) bits. In addition,
its associated κy parameter also needs to be encoded. As seen in Section 2.1, each κy

lies in the range [κmin, κmax] specified to a precision of εκ, and can be encoded using
a uniform probability distribution over this support. Using these component terms,
the resulting encoding length for the full dictionary takes:

I(C) = Iinteger
(
|C|

)
+

|C|∑
j=1

Inull
(
cj
)
+ |C| log2

(κmax − κmin

εκ
+ 1

)
bits. (4)

2.5 Estimation of the second part, I(T |C), term in Eqn. 1

The encoding length of the source collection T given the dictionary C is computed
as the sum of the code lengths required to encode each tableau τ� ∈ T using C. To
compute this code length, I(τ�|C), each tableau τ� is partitioned into non-overlapping
regions of variable sizes (see Fig. 3). Any partition of τ�, p(τ�), is specified by an
increasing sequence of integer indices 1≡z0<z1<z2<. . .< z|p(τ�)|≡|τ�|+1. The set
of possible 2-grams from this partition sequence, {〈zk−1, zk〉}∀1≤k≤|p(τ�)|, define |p(τ�)|
consecutive, non-overlapping regions of τ� of the form τ

[zk−1...zk−1]
� ⊆ τ�. The total

number of possible partitions for a given τ� is 2
|τ�|−1.

Assigned to each non-overlapping region τ
[zk−1...zk−1]
� in a specified partition p(τ�)

is one of the concepts cy
k
∈C (provided S

[zk−1...zk−1]
τ� ≡Scy

k
), where 1≤y

k
≤|C|, or a null

345344



��

��

������� 	
��


��

��

��

��

��

� � 
���

���� �������

��

��

��

��

��

	�


�

��

��

�
�

���

������� 	����

������� 	����

��

��

� � ����

��

��

� � ����

Figure 3: An illustration of a partition of a tableau.

concept c0. The key idea here is that the burden of explanation of the data in each non-

overlapping region τ
[zk−1...zk−1]
� ⊆ τ� defined by p(τ�) is borne by the corresponding data

in its assigned concept. That is, the data in
(
S
[zk−1...zk−1]
τ� ,Ω

[zk−1...zk−1]
τ� ,Ξ

[zk−1...zk−1]
τ�

)
is communicated using the corresponding data

(
Scy

k
,Ωcy

k
,Ξcy

k

)
. When the region is

assigned to the null concept c0, the encoding of the data in that region is identical to
null model encoding described in Section 2.3. In the remaining text, p(τ�) specifies not
only the non-overlapping regions, but also their corresponding concept assignments.

Thus, given p(τ�), the data within each τ� ∈ T can be communicated as fol-
lows. First, the tableau size is communicated with an integer code using Iinteger

(
|τ�|

)
bits. Second, the details specified by p(τ�) are communicated using I(p(τ�)) bits.

Third, each non-overlapping region τ
[zk−1...zk−1]
� is explained by its assigned concept

cy
k
(shown as the grey coloured regions in Fig. 3), using I(τ [zk−1...zk−1]

� |cy
k
) bits. Fi-

nally, the remaining data of τ� (the white coloured cells in Fig. 3) are communicated
using the null model (Section 2.3). We denote this data (using set notations) as

(τ�|p(τ�))� = τ� \ ∪|p(τ�)|k=1 {τ
[zk−1...zk−1]
� }, with code length denoted by Inull((τ�|p(τ�))�).

Based on the above details, the shortest lossless encoding length of any tableau
τ� ∈ T given a static dictionary C, is one that that minimizes the following objective:

I(τ�|C) = Iinteger
(
|τ�|

)
+ min
∀p(τ�)

(I(p(τ�)) +
|p(τ�)|∑
k=1

I(τ�[zk−1...zk−1]|cy
k
)) + Inull((τ�|p(τ�))�).

Combining the above term with Eqn. 4, gives us I(T |C) as:

I(T |C) = Iinteger
(
|T |

)
+

|T |∑
�=1

I(τ�|C). (5)

Below we describe the details of computing the code length terms involved in Eqn. 5.

Computation of I(p(τ�)): A partition p(τ�) is encoded as follows. Since the
tableau size |τ�| has already been communicated, the size of the partition |p(τ�)|
is encoded in log2 |τ�| bits. Each index in the corresponding set of concept assign-
ments {yk}∀1≤k≤|p(τ�)| can take the values 0 ≤ yk ≤ |C|, and, thus, can be encoded
in log2(|C| + 1) bits. Given this information, the values of z0=1, z|p(τ�)| = |τ�|+1,
and the subset of {zk}’s (2≤k< |p(τ�)|) associated with regions not assigned to the
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null concept c0 are already decipherable based on the assigned concept sizes. The
remaining ones, associated with c0, each take log2(|τ�|−zk−1+1) bits to state.

Computation of I(τ [zk−1...zk−1]
� |cy

k
): A region τ

[zk−1...zk−1]
� can be encoded using a

null concept c0, or using any concept cy
k
∈ C. The computation of the null con-

cept encoding of a region follows the same scheme as the null-model encoding of a

tableau described in Section 2.3. On the other hand, the encoding of τ
[zk−1...zk−1]
� us-

ing a concept cy
k
∈ C is permitted only when the corresponding secondary structural

strings are identical, and when the corresponding contact information between pairs
of secondary structural elements differ in no more than 10%

(
= 
 1

10
·
(|cy

k
|

2

)
�
)
places.

The details of encoding τ
[zk−1...zk−1]
� ≡

(
S
[zk−1...zk−1]
τ� ,Ω

[zk−1...zk−1]
τ� ,Ξ

[zk−1...zk−1]
τ�

)
with

cy
k
≡

(
Scy

k
,Ωcy

k
,Ξcy

k

)
are now considered. Since S

[zk−1...zk−1]
τ� is identical to Scyk

,

it is only necessary to encode Ξ
[zk−1...zk−1]
τ� and Ω

[zk−1...zk−1]
τ� using the corresponding

concept’s matrices Ξcy
k
and Ωcy

k
, respectively. Thus, the encoding Nm requires

log2
(
1+
 1

10

(|cy
k
|

2

)
�
)
bits, where Nm ∈ [0, 
 1

10

(|cy
k
|

2

)
�] is the total number of mismatches

in this assigned region where Ξcy
k
and Ξτ�

[zk−1...zk−1] differ. The locations of the
mismatches are then encoded using a uniform distribution over the number of ways
of identifying Nm locations out of

(|cy
k
|

2

)
cells. The resulting code length to identify

each mismatched entry takes the logarithm of the corresponding binomial coefficient.
Once this information is communicated, the corresponding entries of Ωτ�

[zk−1...zk−1]

are encoded using the null model, each using log2 3600 bits.
The matched angles are now transmitted. Each signed angle θ ∈ Ωτ�

[zk−1...zk−1] is
encoded using the corresponding angle θμ ∈ Ωcy

k
and a (90%, 10%) mixture model

of von-Mises circular distribution [17] (parameterized on θμ and concept’s κ) and a
uniform distribution over the support (−180◦,+180◦].

Computation of Inull((τ�|p(τ�))�): This refers to the encoding of the off-diagonal
Ωτ� and Ξτ� entries, shown as the white coloured cells in Fig. 3, and denoted here
as Ω(τ�|p(τ�))� and Ξ(τ�|p(τ�))� . The total number of entries in this off-diagonal area

in each of these matrices is
(|τ�|

2

)
−∑|p(τ�)|

k=1

(
zk−zk−1

2

)
. Each angle in Ω(τ�|p(τ�))� is en-

coded using the null model in log2(3600) bits. Each contact in Ξ(τ�|p(τ�))� requires 1 bit.

Optimal partition of τ� given C via dynamic programming: The computation
of I(τ�|C) is carried out on the optimal partition of τ� given the concepts in C. The
identification of the optimal p(τ�), the one that minimizes I(τ�|C), is achieved using
a one-dimensional dynamic programming algorithm, similar to the one devised in
our earlier work for a completely different problem from the same domain [21]. The
specific details of the recurrences are omitted here due to lack of space.

2.6 Searching for an optimal dictionary

Our goal is to address the problem of inferring an optimal static dictionary, i.e., one
that minimizes the two-part message length given by Eqn. 1. Finding a provably

347346



optimal dictionary is computationally intractable due to the enormous search space.
Hence, a simulated annealing (SA) heuristic is devised to address this problem. Algo-
rithms based on SA require an aperiodic irreducible Markov chain defined on a certain
state space, and a cooling schedule to iteratively push the solution towards the opti-
mum. In our case, the state space is the set of all possible dictionaries. The desired
Markov chain is generated by defining a neighbourhood and the corresponding transi-
tion probabilities for every state C. A local neighbourhood for every state is explored
through the following perturbation primitives: (1) Add concept: Creates a concept
randomly from the source collection and adds it to C. (2) Remove element: Chooses a
concept randomly from the dictionary and deletes it. (3) Perturb concept length:

Chooses a concept randomly from the dictionary, and extends/shortens it, in ref-
erence to its original source. (4) Perturb concept kappa: Increments/decrements
the current value of κ associated with a randomly chosen concept. (5) Swap concept

with usage: Chooses a concept randomly from the dictionary, and swaps it with a
region in the collection that is currently encoded by it. (Note, the usage swapped-in
as the perturbed concept could weakly voilate the connectivity constraint in terms of
its contact map, unless strict connectivity is also imposed on that chosen usage.)

At each iteration, one of the above five perturbations is chosen uniformly at ran-
dom. The transition probability to the neighbour is computed as follows. If the two-
part message length given by Eqn. 1 decreases, the transition probability to the per-
turbed state is 1. If the two-part message length increases by ΔI bits, the probability
is 2−ΔI/T , where T is the temperature parameter of the system controlled by the fol-
lowing cooling schedule: Start with a temperature of 5,000 and decrease it by a factor
of 0.88. At each temperature step, perform 50,000 random perturbations unless the
temperature is below 10, where the number of perturbations is increased to 500,000
per temperature step. When the temperature reaches below 0.1, the search stops and
the current state of the dictionary is reported. We implemented this search in the C++
programming language and parallelized it using OpenMPI. (For pseudocode, see http:
//lcb.infotech.monash.edu.au/proteinConcepts/scop100/pseudocode.pdf).

3 Results

This work compresses a source collection containing 51,368 tableaux constructed by
applying our program, SST [21], to a non-redundant set of the protein structural co-
ordinate files derived from the SCOP (v.2.05) database [9]. This set is non-redundant
in the sense that no two structures have the same amino acid sequence.

The inference algorithm described in Section 2 resulted in a rich super-secondary
structural dictionary with 4,487 inferred concepts (sub-tableaux). The largest concept
contains 43 secondary structural elements, while the smallest contain only 2 elements.
The complete inferred dictionary is available via an interactive website at http://

lcb.infotech.monash.edu.au/proteinConcepts/scop100/dictionary.html. (See
Fig. 4 for some examples.) A discussion of the biological implications of this expressive
dictionary and its relationship with the limited set of concepts reported in the litera-
ture, which is beyond the scope and context of this manuscript, is under preparation.
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Figure 4: Four of the 4,487 concepts inferred in our dictionary, shown in the context of their source
proteins structures, with Helices as ribbons, and strands as arrows.These correspond to concepts
IDs 1, 9, 1378, 3623 respectively. For details visit dictionary web link in the previous paragraph.

The null model encoding length of our source collection (computed as per Eqn. 2)
is 76,688,552 bits. The two-part message length for describing the same collection
using the inferred dictionary (computed as per Eqn. 1) is 70,512,544 bits, where the
first part takes 2,622,960 bits, and second part takes 67,889,584 bits. The resulting
compression is 6,176,008 bits (or 8.05%) over the null model.

To show the dynamics of the search heuristic described in Section 2.6 and the
evolution of the final dictionary: Fig. 5(a) shows the variation of the dictionary size
|C| as a function of number of iterations in the simulated annealing search; Fig. 5(b)
shows the complexity (I(C)) of the first part of the two-part message; Fig. 5(c)
combines the evolution of the Inull(T ), I(T |C) and I(C&T ) terms over the search;
and Fig. 5(d) shows the percentage compression gained over the null model, as the
inferred dictionary evolves. These plots confirm the trade-off achieved by the MML
inference, between the complexity of hypothesis (here, the dictionary of concepts)
and the fit of this hypothesis to the data (here, the source collection of tableaux).

0 2 4 6 8 10 12 14 16

Number of iterations ×106

0

500

1000

1500

2000

2500

3000

3500

4000

4500

N
um

be
r 

of
 d

ic
tio

na
ry

 e
le

m
en

ts

(a)

0 2 4 6 8 10 12 14 16

Number of iterations ×106

0

0.5

1

1.5

2

2.5

3

C
om

pl
ex

ity
 o

f d
ic

tio
na

ry
 (

bi
ts

)

×106

(b)

0 2 4 6 8 10 12 14 16

Number of iterations ×106

6.7

6.8

6.9

7

7.1

7.2

7.3

7.4

7.5

7.6

7.7

M
es

sa
ge

 le
ng

th
 (

bi
ts

)

×107

Inull(T )

I(T |C)

I(C&T )

(c)

0 2 4 6 8 10 12 14 16

Number of iterations ×106

-1

0

1

2

3

4

5

6

7

8

9

P
er

ce
nt

ag
e 

co
m

pr
es

si
on

(d)

Figure 5: Dynamics of various terms during the simulated annealing search.
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